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Abstract. This article extends the classical Real Nullstellensatz 
to matrices of polynomials in a free *-algebra R(x,x*) with x = 
(xi, . . . ,x n ). This result is a generalization of a result of Cimpric, 
Helton, McCullough, and the author. 

In the free left R(x,x*)-moduleR lx£ (x,x*) we introduce notions 
of the (noncommutative) zero set of a left R(x, x*)-submodule and 
of a real left R(x, x*)-submodule. We prove that every element 
from R lx£ (x, x*) whose zero set contains the intersection of zero 
sets of elements from a finite subset S C R lx£ (x,x*) belongs to 
the smallest real left R(x, x*)-submodule containing S. Using this, 
we derive a nullstellensatz for matrices of polynomials in R(x, x*). 

The other main contribution of this article is an efficient, imple- 
mentable algorithm which for every finite subset S C R lx£ (x, x*) 
computes the smallest real left R(x, x*)-submodule containing S. 
This algorithm terminates in a finite number of steps. By taking 
advantage of the rigid structure of R(x,x*), the algorithm pre- 
sented here is an improvement upon the previously known algo- 
rithm for R(x,x*). 
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1. Introduction 

This article establishes a non- commutative analog of the classical 
real Nullstellensatz. The results of Krivine [20], [21], Dubois [9], and 
Risler [28] established a real nullstellensatz in classical (commutative) 
real algebraic geometry. For a modern survey of real algebraic geometry 
(RAG), see the survey by Scheiderer [29] the book of Marshall [26J, and 
the book of Bochnak, Coste and Roy [I]. 

The main aim of this paper is to extend the real nullstellensatz to 
non-commutative algebras, in particular free algebras. The earliest 
such result was proved by George Bergman in an algebra without in- 
volution, settling a conjecture of Helton and McCullough [TJ]. Unfor- 
tunately, in an algebra with involution, JT4] contains a counterexample 
to extending Bergman's result. In [16] a major case is settled in a free 
*-algebra, but much remained open. 

A main thrust of real algebraic geometry, in addition to the nullstel- 
lensatz, is the positivstellensatz. This holds as well for non-commutative 
algebras, and is an active area of research dating back to ideas of Puti- 
nar [27] and Helton and McCullough [14J. There is a convex branch 
of that subject, see [To], [12], and [JTJ], and this article feeds into that 
thereby underlying the sequel [13J to this paper. 

This introduction is arranged as follows: in § |l.ll some basic notation 
will be introduced; in § 11 .21 we will discuss the commutative inspiration 
for the non-commutative nullstellensatz; in § 11.31 we will lay out basic 
definitions for non-commutative polynomials; in § 11.41 we discuss non- 
commutative analogs of zero sets and radicals; the main results of the 
article are then presented in § II. 5( and finally an outline of the article 
is given in § 11.61 

Our approach to Noncommutative Real Algebraic Geometry is mo- 
tivated by [IB] : for alternative approaches see [30] and [24] . 

1.1. Notation. Given positive integers v and £, let W /x£ denote the 
space of v x I real matrices. Let G W x£ denote the matrix with a 
1 as the ij entry and a for all other entries. Let ej G IR lx£ denote 
the row vector with 1 as the j th entry and a as all other entries. Let 
l v G W xu denote the v x v identity matrix. Let A* G R £xu denote the 
transpose of a matrix A G M. ux£ . Let § fc C M. kxk denote the space of 
real symmetric k x k matrices. 

Although our notation does not correspond to them, one who wishes 
a general orientation to non- commutative algebras can see Goodearl 
[10], and for free algebras see P. M. Cohn [5J. 
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1.2. Commutative Inspiration. If I is an ideal in the set of com- 
mutative polynomials M[x] with real coefficients, we say I is real if 
whenever there are some polynomials Pi G WL[x] which satisfy 

finite 

T,p' eI 

i 

then each pi G /. The real Nullstellensatz [9], [28] states that if q G 
M[x], then q(a) = for all tuples of real scalars a such that p(a) = 
for each p G / if and only if q is in the real radical of /, that is, the 
smallest real ideal containing I. 

A more recent result of Cimpric [3] extends this result to matrices of 
commutative polynomials. A left submodule / of the free R[x]-module 
R[x] lx£ is real if whenever pi G lR[x] lx ^ satisfy 

finite 

^Pi®Pi& M\x\ lxl + m\x\ lxl 

i 

then each p,i G /. On Rfx] 1 ^ , Cimpric's result states that if q G Mfx] 1 ^ , 
then q(a) = for all tuples of real scalars a such that p(a) = for each 
p G / if and only if q is in the real radical of /, that is, the smallest 
real left submodule containing I. 

1.3. Non-Commutative Polynomials. We now turn our attention 
to the space of non- commutative polynomials. 

Let (x, x*) denote the monoid freely generated by 
and *) — that is, (x, x*) consists of words in the 2g free 

letters x±, . . . , x g , a;*, . . . , x* g , including the empty word 0, which plays 
the role of the identity 1. Let x*) denote the IR-algebra freely 
generated by (x, x*), i.e., the elements of M.(x, x*) are polynomials in the 
non-commuting variables (x, x*) with coefficients in R. Call elements 
of M.(x, x*) non-commutative or NC polynomials. 

The involution on M.(x, x*) is defined linearly so that (x*)* = Xi for 
each variable Xi and (pq)* = q*p* for each p, q G M.(x, x*). For example, 

(X1X2X3 + 2x3X1 — X3)* = X3X2XJ + 2x^x3 — X3 

1.3.1. Evaluation of NC Polynomials. NC polynomials can be evalu- 
ated at a tuple of matrices in a natural way. Let X = (X\, . . . , X g ) G 
(M nxn ) 9 . Given p G R(x, x*), let p{X) denote the matrix defined by 
replacing each Xj in p with Xi, each x* in p with X*, and replacing the 
empty word with l n . Note that p*(X) = p(X)* for all p G R(x,x*). 
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For example, if 

p(x) = x\ - 2x x x\ - 3, ^1=^2 4) and X<2 = (l -1 
then 

p(X) = X? - 2X X X* - 3(1 2 ) 

1 2\ A 2\ _ /l 2\ / l\_/3 

2 AJ \2 A) \2 A) V-l -lj VO 3 

6 12 
18 21 

1.3.2. Matrices of NC Polynomials. The space of v x I matrices with 
entries in R(x, x*) will be denoted as W x£ {x, x*). Each p e lR !/x£ (x, x*) 
can be expressed as 

p= A w ®wE R uxe <S> M.(x, x*). 

w(z{x,x*) 

Given a tuple X of real n x n matrices, let p(X) denote 

u>e(rr,:r*} 

where (g) denotes the Kronecker product. The involution on W xE (x, x*) 
is given by 

\w£{x,x*) I we{x,x") 

Note that p*(X) = p{X)* for any tuple X. If p e W x "(x,x*}, we say 
p is symmetric if p — p*. 

1.3.3. Degree of NC Polynomials. Let \w\ denote the length of a word 
w E (x,x*). A monomial in R. ux£ (x, x*) is a polynomial of the form 
Eij ® m, where m G (x, x*). Let .M 1 ^ denote the set of monomials in 
M. (x, x*) The length or degree of a monomial Eij®m is \Eij®m\ : = 
\m\. 

If p is a NC polynomial, define the degree of p, denoted deg(p), to be 
the largest degree of any monomial appearing in p. A NC polynomial 
p is homogeneous of degree d if every monomial appearing in p has 
degree d. If W is a subspace of W xE (x, x*), define W d to be the space 
spanned by all elements of W with degree at most d. 
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1.3.4. Operations on Sets. If A, B C R ux£ (x, x*), then define A + B to 
be 

A + B:={a + i|a6A,&GB}C R" x '(x, x*). 

In the case that A H B — {0}, we also denote A + B as A (B B; the 
expression A® B always asserts that AflB = {0}. If A C lR i/x£ (x, ac*) 
andBCf^^i^let A5 be 

:= Span({a6 | a G A,b G 5}) C x*). 
If A C R !yx ^(x,x*), let 

A* := {a* | a G A} C M^(x,:r*). 
If A C R" x< and 5 C E(x, ar*), then A g> 5 is 

A <g> 5 := Span({a ® 6 | a G A, 6 G -B}). 

If p G R" x ^(a;, x*), then expressions of the form p + A, pB, Cp, 
D ®p, where A, B, C, and D, are sets, denote {p} + A, {p}B, C{p}, 
and D ® {p} respectively. 

1.4. Left R{x, x*)-Modules. For R{x, x*), there is a "Non-Commutative 
Left Real Nullstellensatz" . Let p±, . . . ,Pk,q G R(x, x*). If q{X)v = 

for every (X,v) G LLn ( M " Xn ) 9 x M " such that Pi( X ) v = ••• = 
Pk{X)v = 0, then g is an element of the "real radical" of the left ideal 
generated by pi, . . . ,pi~ [5]. To generalize this result to R ux£ (x, x*), we 
now generalize the notion of left ideal and real left ideal to non-square 
matrices of NC polynomials. 

The space M. lx£ (x,x*) is a free left M(x, x*)-module. That is, if q G 
R(x,x*), A G R lxe and r G R(x,x*), then 

q ■ (A <g> r) := (1„ <g) g) (^4 ® r) = A ® gr. 

In the sequel, we will simplify notation by identifying q with \ v (g) g 
and simply writing g(A <g) r) when we mean g • (A £g> r). We will also 
simplify our terminology by referring to left R(x, x*)-submodules / C 
R lxe (x, x*) as left modules. 

1.4.1. Real Left Modules. Let / C R lx£ (x } x*} be a left module. We 
say that / is real if whenever 

finite 

i 

for some pi G R lx£ (x,x*), then each pi G /. Note that R lxX l is the 
subspace of I x I matrices whose rows are elements of /, and (IR £x1 /)* = 
7*M lx£ is the subspace of i x i matrices whose columns are elements of 
I*. 



6 CHRISTOPHER S. NELSON 

The following result shows that defining a real left module in terms 
of only 1 x I matrices actually covers v x i matrices for any dimension 
v. 

Proposition 1.1. A left module I C R lx£ (x,x*) is real if and only if 
whenever 

finite 

(1.1) J2 P i Pi E ^ Xl I + I*^ 1X£ , 

i 

for some Pi G M."** (x, x*) and some Vi G N, then each pi G M. UtXl I. 

Proof. One direction is clear. For the converse, suppose / is real, and 
suppose that ( 11. ip holds for some polynomials Pi G M. UiX£ (x, x*). For 
each pi, 

PiPi = P* l v t Pi = ^p-EjjPi = ^2( e jPi)*( e jPi)> 

i=i 3=1 

so that 

finite finite Vi 

i i j=l 

Since / is real, each e*pi G I. Therefore, for each i, 

Vi 

Pi = lu t Pi = Ys e i e *jPi eRUlXlL 
3=1 

□ 

1.4.2. The Real Radical. An intersection of real left modules is itself 
a real left module. Define the real radical of a left module / C 

R lxe (x,x*) to be 

VI = O J = the smallest real left module containing I. 

JDI, 
J real 

1.4.3. Zero Sets of Left R(x,x*)- Modules. If S C R lxe (x, x*), for each 
n G N, define ^(S)^ to be 

F(5) (n) := {(X, u) G (M nxn ) s x M fa | p(X)v = for every p G 5}, 

and define V(S) to be 

1/(5) := [J 

neN 
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If V C Une N ( MnXn ) 9 x Rin i defme X ( V ) to be 

T(V) := {p G R lx£ (x,x*} | p(A> = for every (X,v) G V}. 

The set X(V) C IR lx£ (x, x*) is clearly a left module. If J C R lxe (x,x*} 
is a left module, define the (vanishing) radical of I to be 

Vl:=I(V(T)). 

We say a left module is radical if it is equal to its vanishing radical. 

Proposition 1.2. Let V C LUn^™*™) 9 x Rfa T/ie s P ace J (^) ^ 
]R lxf (x,x*) a rea/ left module. 

Proof. Suppose 

finite 

J^P*iPi e ^ xl X(V) +X(\/)*1R 1>< ', 



where each pi G M lx (x,x*). For each (X, t>) G V, we have 

finite finite 

Pi(xy Pi (x)v = o ^ v*Pi(xy Pi (x)v = o. 

i i 

Therefore each pi(X)v = 0, which implies that each p$ G Z(V). □ 
Proposition 11.21 implies that for each left module / C M} xe (x,x*), 

I C v 7 / c v 7 /. 

1.5. Main Results. Here is the main result of this article, which is a 
generalization of [3 Theorem 1.6] to the matrix case. 

Theorem 1.3. Let pi, . . . ,pk be such that each pi G W* {x,x*) for 
some Vi G N. Define 



J v :- 



suxl 



\ i=l 



for v G N. Let q G R" x€ (x,x*). T/ien g(A> = /or a// (X,v) G 
U neN (K nxn )f x M fa such that pi(X)v , . . . , p k (X)v = if and only if 
q G J v . 

Consequently, if the left module 

k 

(1.2) ^M lx ^(x,x*)p,, 

i=i 



8 



CHRISTOPHER S. NELSON 



is real, and if q(X)v = whenever pi(X)v , . . . ,pk(X)v = 0, then q is 
of the form 

q = npx H \-r k p k , 

where each r{ G M. uXUi (x, x*) . 

This is proven in § 15.31 An interesting corollary is Corollary 16.31 
which gives the analog of this Theorem for C and H. This Corollary 
follows from the observation (plus some technical details) that C and 
EI can be viewed as subspaces of R 2x2 and IR 4x4 respectively. 

In § 19. II we will present an algorithm for computing y7 for a finitely- 
generated left module / C M. lx£ {x,x*). This algorithm is a generaliza- 
tion of and an improvement upon the Real Algorithm given in [5]. 
The following theorem, proven in § I9.1.1[ states some of its appealing 
properties. 

Theorem 1.4. Let I be the left module generated by t\, . . . , G M} x£ (x, x*) . 
The following are true for applying the algorithm described in §g. 1\ to 

t-l) • • ■ j l>n- 

(1) If deg(ti), . . . , deg(<. jU ) < d, the polynomials involved in the al- 
gorithm all have degree less than 2d. 

(2) The algorithm is guaranteed to terminate in a finite number of 
steps. 

(3) When the algorithm terminates, it outputs a reduced left Grobner 
basis for \/7. 

I. 6. Reader's Guide. Sections [2j[3l andHJare technical sections which 
prove lemmas needed for the proof of the main results. Section [5] proves 
some important lemmas and closes with the proof of Theorem ll.3l Sec- 
tion [H] proves an extension of Theorem ll.3l to C and H. Section [7] proves 
a strong result, Theorem 17.31 for verifying whether a left module is 
real, which will be used for the Real Radical Algorithm. Section [8] is a 
technical section discussing left Grobner bases. Section |9] presents the 
Real Radical Algorithm mentioned in Theorem 11.41 and proves its nice 
properties. 

2. Right Chip Spaces and Factorization of Monomials 

We now introduce a natural class of monomials needed for the proofs, 
chip sets. Further, the Real Radical Algorithm described in Theorem 

II. 41 makes extensive use of chip sets, which makes said algorithm very 
efficient. 

Given monomials mi, m2 G Ai ux£ , we say that vri2 right divides mi, 
or that m 2 is a right chip of m l5 if mi = wm 2 for some w G (x,x*). 
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If w ^ 1, we say the division is proper or that m 2 is a proper right 
chip. 

Example 2.1. If 

?7i x = e 2 <8> Xix 2 x 3 and m 2 = e 2 <8> ^2^3, 
then xim 2 = mi, so m 2 is a proper right chip of mi. 

A right chip space € C ]R i/x ^(x,x*) is a space spanned by mono- 
mials m such that if m e £, then so are all of its right chips. A right 
chip space is finite if it is finite dimensional. 

The space of NC polynomials has a rigid structure which makes 
finding sums of squares representations easy. For example, Klep and 
Povh [T5] showed that to verify that a NC polynomial p is a sum of 
squares, one needs only to use the right chips of the terms of p. In this 
section we prove some basic results about right chip spaces which will 
be useful in proving the main results of this article. 

2.1. Constant Matrices in the Complement of a Full Right 
Chip Space. The element 1 G R(x, x*) right divides any monomial 
in M lxl (x, x*) = R(x,x*), hence 1 6 C for any right chip space € C 
R(x, x*). For dimensions I > 1, however, not all right chip spaces 
contain all constants. Define r((£) to be 

r(£) :={j I e,®le£}c 

Lemma 2.2. Let £. C R lx£ (x,x*) be a right chip space. ThenM.{x,x*)<£ 
is equal to 

R(x,x*)€= ej ®R(x,x*}. 

Proof. If ej (g) w G € for some w 6 (x,x*), then since € is a full right 
chip space, ej <E> 1 G C The result is clear from here. □ 

Of interest as well are spaces of the form £*IR(x, x*)<£ C W £xe (x, x*). 

Lemma 2.3. Let £ C R lx£ (x, x*) be a right chip space. Then €*R(x, x*)<Z 
is equal to 

€R(x,x*)£= Eij®R(x,x*). 

Proof. This is clear from Lemma [2.21 □ 

Lemma 2.4. Lei £ C ]R lx£ (x, x*) &e a right chip space, and let I C 
]R lx£ (x, x*) &e a left module generated by polynomials in R(x,x*)€. 
Then 

(R exl I + I*R lxi ) n CR(x, x*)<£ = CI + 
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Proof. Let 9 be the space defined by 

e = ej ®R(x,x*). 

By Lemma E21 M lxe (x,x*} = R(x, x*}£ © 9, and 

€R(x,x*)£ = Eij <g) R(x, x*), 9*£ = Eij®R(x,x*) 
*,ier(c) igr(e) 

£*9= £^ ©R(x,x*), 9*9= Eij®R{x,x*). 
ier(£) ijyr(c) 

Therefore, 

(2.1) M £x£ (x, x*) = <FR(x, x*)£ © 9*£ © £*9 © 9*9. 

Let tx, . . . , tj, . . . G R(x,x*)C generate J. Each i G R^ xl / + /*R lx£ is of 
the form 

finite 

i 

for some Pi, qi G R lx£ (x, x*). Decompose each pi as (p Pi + 9 Pi and each 
qi as (j)q i + # 9i so that 4> pv 4> qi G R(z, £*)£ and 9 Pi , 9 qi G 9. Then 

finite finite finite 

(2.2) i = + + + 5>*0J, 

i i i 

so that the first sum of (12. 2p is in £*R(x, x*)€, the second in 9*£, and 
the third in £*9. If a G C*R(x,x*)C, by a is equal to the first 

sum in (12.21) . which is an element of <t*I + /*<£. □ 

2.2. Unique Factorization of Monomials. If w G (x,x*) and < 

d < \w\, one can factor w uniquely as w = WiW 2 , where Wi,w 2 G (x, x*) 
with \wi\ = d and |w 2 | = \w\ — d. The following lemma generalizes this 
fact to R uxe (x,x*). 

Lemma 2.5. Letm = E^w G M (x,x*) andw G (x,x*). For each 
< d < \m\, there exists a factorization of m as m = m\m 2 , where 
nil G Ai lxu , m 2 G Ai lx£ , deg(mx) = d, and deg(m 2 ) = \m\ — d. Fur- 
ther, this factorization is uniquely determined, up to scalar multiplica- 
tion, by mi = ei®wl, m 2 = ej<g>w 2 , where w = Wiw 2 , Wi,w 2 G (x,x*), 
with \wi\ = d and \w 2 \ = \m\ — d. 
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Proof. It is clear that m can be factored as m = (e, <8> w{)*(ej <g) w 2 ) = 
<S> w, where Wi,w 2 G (x,x*) with \wi\ = d and \w 2 \ = \m\ — d. 
Conversely, suppose m = m*m 2 , where 

V t 

mi = 2J 2^ A p , u e P <8> u and m 2 = 2J ^.« e ^ ® w ' 

for some G R. Then, 

p=l cr=l u£(x,x*) v£(x,x*) 

( 2 - 3 ) =Z)Z)- E7 ^®f f ^ u 

p=i <r=i / \«e(i,x*) 

= Eij ® w. 

The terms of (I2.3P with p = % and a = j are equal to <g> w\w 2 , which 
implies, by uniqueness of the factorization of w, that A i)U = Bj tV = 0, 
for u 7^ w\ and v ^ w 2 , and Ai )W *Bj )W2 = 1. The terms of (12.31) with 
p i and a = j are equal to 0, which implies that each A p ^ u = for 
p ^ i. Similarly, each B ffjV = for a ^ 0. Therefore mi = A itW *(ei<S>wl) 
and m 2 = {1/A i>w *){ej ® w 2 ). □ 

Given a right chip space £ C R lx ^(x, x*), there are some special 
factorizations of monomials in A4 lxe and jv[ lxl which will be useful. 

Lemma 2.6. Let £ C R lx£ (x, a;*) 6e a right chip space. Each monomial 
m G R(x,x*}(£ has a unique word w G (x,x*) of minimum length and 
a unique right chip fh G £ such that m = wfh. 

Proof. Each monomial in R(x, x*)€ is of the form wfh, with iu G (x, x*) 
and m G C Uniqueness of the minimal w G (x, x*) follows from Lemma 
1231 □ 

Lemma 2.7. Le£ £ C R lx£ (x, x*) 6e a right chip space. A monomial 
m G M lxl is in the set R(x, x*)£ \ <£ i/ and on/y i/ it can 6e expressed 
as m = wfh, where fh G R(x,x*)i£\ £ and w G (x, x*). Further, this 
representation is unique. 

Proof. Decompose m G R(x, x*)£ \ £ as in Lemma 12.61 as m = wfh, 
where fh G £ and w is as small as possible. We cannot have w = 1 since 
m G" €, so decompose n) as wiw) 2 , where |n) 2 | = 1. Then m = wi(w 2 fh), 
and by minimality of w, fh = n) 2 m G R(x, x*)i<£ \ £. 

Conversely, it is a contradiction to have wfh G £ for some w G (x, x*) 
and fh G R(x, x*)i£ \ € since fh $ £ would be a right chip of u>m G & 
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To show uniqueness, suppose wifhi = w 2 fn 2 G R(x, x*)C\ £, where 
Wi, w 2 G (x, %*} and m 1 , rh 2 G R(x, x*)\<L \ <£, and suppose |iui| < \w 2 \. 
If |wi | < \w 2 \, then decompose w 2 as u> 2 = w\u for some w G (x,x*) 
with |w| > 0. Then rh\ = ufh 2 . Decompose rh\ as Uiu 2 rh 2 , where 
u = U\U2i Ui,u 2 G (x,x*), and \ui\ = 1, so that w 2 m 2 G £. Therefore 
rh 2 G £, which is a contradiction. Therefore |wi| = \w 2 \, and by Lemma 
12.51 wi = w 2 and mi = m 2 . □ 

Lemma 2.8. Let £ C R lx£ (x, x*) 6e a ng/ii c/iip space. A monomial 
m G A / l £x£ zs in the space £*R(x,x*)<t \ £*R(x, x*)i<£ if and only if it 
can be expressed as m = m\wm 2 , where rhi,rh 2 G R(x, x*)iC \ <£ and 
w G (x,x*). Further, this representation is unique. 

Proof. First, m G €*M.(x,x*)€ if and only if it can be expressed as 
a*bc, where a,c6 C and b G (x,x*). Next, either be G M.(x, x*)i<t, in 
which case a*bc G £*~R(x,x*)i£, or by Lemma [2.71 be can be uniquely 
expressed as be = &i(6 2 c), where b = b x b 2 , b 2 c G WL(x,x*)\£ \ £, and 
\b\\ > 0. Next, either b{a G <£, in which case a*bc G €*R(x, x*)i£, 
or by Lemma \2.7\ b\a can be uniquely expressed as 64(630), where 
h = 6364 and b* 3 a G R(x, x*)i€\C. In the case that a*bc G C*R(x, x*)C\ 
€*R(x, x*)i€, we see that a*bc = (6*a)*6 4 (6 2 c), with b* 3 a, b 2 c G R(x, x*)i<£\ 
£ and 64 G (x,x*). 

Next, suppose fh\wfh 2 = t*uv, where mi, m 2 G R(a;, x*)i(£\ (£, i, u G 
R(a;, a;*)i<£, and w,u G (x,x*). If |i| > |rai|, then Lemma f2~5l implies 
that mi right divides t properly, which implies by Lemma 12.51 that 
t $l R(x, x*)i€, which is a contradiction. Therefore, \t\ < \rhi\, and 
similarly, |i>| < |m 2 |. If \t\ < \rhi\, then by Lemma 12.51 t properly 
divides rhi on the right, so Lemma 12.71 implies that t G €. Similarly, 
if \v\ < \m 2 \, then v G C In the case that t,v G M.(x,x*)i<£ \ £, we 
see that \t\ = \ffi\\ and \v\ = |m 2 |, which implies, by Lemma [2.5[ that 
t = fhi and v = rh 2 , and further, w = u. This gives uniqueness. Also, 
notice that m\wm 2 G" £*R(x, x*)\€. since if t, v G £, then \t\ < \fhi\, 
\v\ < \m 2 \, and so \u\ > 2. □ 

3. ^-Orders and £-Bases 

Now we turn to orders on monomials. This is a subject familiar to 
those who work with Grobner bases. However, it turns out that to 
take advantage of the structure of right chip spaces, we need to define 
an order different from the admissible orders used with Grobner bases 
(see §[8] for more on left admissible orders.) 

Given a total order -< on Ai" , we say that the leading monomial 
of a polynomial p, denoted \m(p), is the highest monomial appearing in 
p according to -<. We call a polynomial monic if its leading monomial 
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has coefficient 1. Given a set / C ]R lx ^, let lm(J) be the set of leading 
monomials of elements of /, and let Nlm(J) := A4. lx£ \ lm(J). 

Lemma 3.1. Let -< be a total order on monomials in M, ux£ (x, x*), and 
let pi, . . . ,pk G R ux£ (x, x*) \ {0}. Suppose lm(pi) -<•••-< \m(p k ). 
Then the leading monomial of p\ + • • • + pk is lm(pfc). In particular, 
Pi H \~Pk ^ 0- 

Proof. Straightforward. □ 

For right chip spaces (C, we would like to find an order on Ai lx£ such 
a -< b whenever a G £ and 6 ^ £. To do this, we introduce (C-orders. 

First, we say a total order -< on (x, x*) is a degree order if a -< 6 
holds whenever \a\ < \b\. 

Next, let £ C ~R lx£ (x,x*) be a right chip space. Let -<o be a degree 
order on (x, x*). We say that is a C-order (induced by -< ) if 
is a total order on ,M lx ^ such that if a, 6 G Ai lx£ , then a -< c 6 if one 
of the following hold 

(1) a G £ and 6 £ £, 

(2) a G R(x, zr*)£ and 6 £ R(x, x*)£, 

(3) a = aia 2) & = &i&2> where a 2 , 6 2 G M(x, x*)i<£\(£, ai, &i G (x, x*), 
and ai -<o 

(4) a = wa2, & = wb 2 , where a 2 ,& 2 G R(x,x*)i£\ £, w G (x,x*), 
and a 2 -<<r 6 2 . 

The above conditions in and of themselves only define a partial order. 
By definition, a £ order -<£ is defined in some way among the elements 
of <£, R(x,x*)i£\£, and R lx ^\R(x, respectively to make it a total 
order. 

Lemma 3.2. Let £ C M lx ^(a;, sc*) &e a right chip space and let be 
a (t-order induced by a degree order -< . If Q G E(a;,a;*)i£ \ <£ and 
p G W(x,x*) \ {0} ; £/ien i/ie leading monomial of pq is lm(p)lm(g), 
where \m(p) is the leading monomial of p according to -<o ond lm(g) G 
R(x, x*)i<£ \ €, is the leading monomial of q according to -<£. 

Proof. First, lm(g) G R(x,x*)iC\ £ since q G R(x,x*) 1 (t\ £ and the 
elements of £ are less than the elements of R(x, x*)±€ \ £ under -<£. 
Consider the case where p is a monomial. Let £ R(x,x*)i<t be 
a monomial appearing in q. If G £, then either pip G £, or by 
Lemma [277] p0 = pip 2 0, where pi,p 2 G (x,x*) are such that p = P1P2, 
and p2<p G IR(x,x*)i£\ £. In this case, |pi| < \p\. In either case 
where G £, we see that p<p -<e plm(g). If, G R(x,:c*)i£ \ £, but 
7^ lm(g), then since lm(g) is the leading monomial, -<g lm(g). 
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Therefore p<p -<a p\m(q). Therefore the leading monomial of pq is 
plm(g). 

The general case follows from Lemma 13.11 □ 

3.1. (C-Bases. Given a (t-order and a left module / generated by ele- 
ments of M.(x, x*)i<t, we can construct what we call a (C-basis. 

Let € C R lx ^(a;,a;*) be a right chip space and let -<£ be a £-order. 
Let / C ~R lxe (x,x*) be a left module generated by polynomials in 
WL(x, x*)xC We say that a pair of sets {{ii}^, {$j}jeB) is a <£-basis for 
i" if {ti}j e A is a maximal set of monic polynomials in 7n(R(:r, #*}i<£\(£) 
with distinct leading monomials and if {&j}j^B is a maximal (possibly 
empty) set of monic polynomials in / fl £ with distinct leading mono- 
mials. 

Lemma 3.3. Let € C R lx£ (x, x*) be a right chip space. Let {ti}i e A Q 
M.(x,x*)i<£\ € be a set of polynomials with distinct leading monomi- 
als, and let {$j}jeB Q £ be a set of polynomials with distinct leading 
monomials. The following are true of the polynomial q defined by 

finite finite 

q = ^PiLi + ^ 

i j 

where each pi G R(x, x*) and ctj G R. 

(1) If q G R(x, x*)€. \ <£, then lm(q) = lmfjOj) lm(<.j) for some i. 

(2) If q G R(x,x*)i£, then each p^ is constant. 

(3) If q G <£, then each p^ = 0. 

(4) If Q — 0; then each Pi = and each aj = 0. 

Proof. Fix a £-order. If any of the Pi are nonzero, by Lemmas 13.11 and 
13.21 since all of the lm(gj) are distinct, the leading monomial of q is 
the maximal lm(pj) lm(gj). The maximal lm(pj) has maximal length 
by definition of a C-order. If q G R(x, x*)i€, then so is its leading 
monomial, in which case any nonzero lm(pj) must be equal to 1 by 
Lemma |2~T1 Therefore, if q G R(x, x*)i<£, then each pi is either or is a 
nonzero constant. Further, if q G (£, then its leading monomial cannot 
be in R(x,x*)i£ \ (£. In this case, all of the pi = 0. Finally, if q — 0, 
then each of the p» = and further, by Lemma \3. 11 the Oj must all be 
as well. 

□ 

Note that Lemma 13.31 (JH) implies that the union of the two sets of a 
C-basis is a linearly independent set. 

Lemma 3.4. Let € C R lx£ (x, x*) be a finite right chip space and let 
be a £-order induced by some degree order. Let I C R lx£ (x, x*) be a left 
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module generated by polynomials in M.(x, x*)\<E and let ({ti}f =1 , {^j}j=i) 
be a C-basis for I. Each element of I can be represented uniquely as 

(3.1) X]/'''' ' yi n j''j- 

i=i j=i 

where each pi G M.(x,x*) and aj G R. 

Conversely, any pair of sets of monic polynomials ({ij}f =1 , {$j}J=i) 
with distinct leading monomials such that any element of I can be ex- 
pressed in the form A3. 1\) is a <£-basis for I . 

Proof. Every element of I n M.(x, x*)i€ has leading monomial equal to 
the leading monomial of an element of the (t-basis, hence it follows that 
the £-basis spans / PI M(x, x*)iC Further, if dj G / fl €, then for each 
w G (x,x*) of length 1 we have w&j G ~R{x,x*)iC, which is the span 
of the € basis. Since the £-basis generates /, this implies that every 
element of I can be expressed in the form (13. II) . Further, uniqueness 
follows from Lemma [3.31 

Conversely, suppose ({ti}f =1 , {i?j}J=i) is a pair of sets of monic poly- 
nomials with distinct leading monomials such that any element of / 
can be expressed in the form 03. II) . Let 6 G I fl M.(x, x*)i<£ be equal to 

i=l j=l 

Lemma 13.31 implies that if 9 ^ then it cannot have a distinct leading 
monomial from the ti and dj. Therefore the pair ({ij}f =1 , {i?j}J =1 ) is a 
£-basis. □ 



4. Double ^-Orders 

In addition to ordering elements of Ai lx£ , we also want to order 
elements of Ai lxl . 

Let € C R lx ^(x, x*) be a right chip space. Let -<£ be a C-order. We 
say that -<cxe is a double C-order (induced by -<^) if ~<<rx<r is a 
total order on J\A £x£ such that given a, b G A4 exi we have a -<£ X £ b if 
one of the following hold 

(1) a G (M lx ^ n £)*£ and b £ (R lxi n £)*£, 

(2) a G £*R(x,x*)£ and b £ £*R(x, x*}€, 

(3) a = a*a 2 , b = 6*6 2 , where a 2 ,& 2 G x*)i<£ \ £, ai,6i G 
WL(x,x*)£, and either 

(a) ai -<£ &i, or 

(b) ai = &i and a 2 -< c &2- 
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The above conditions in and of themselves only define a partial order. 
By definition, -<e x <r is a total order, so it is defined in some way beyond 
what has been stated to produce a total order. 

Lemma 4.1. Let £ C R lx£ (x,x*) be a right chip space, let -<£ be 
a €-order, and let -<<r X £ be a double (t-order induced by -<£. If q G 
M.(x,x*)iC\C and p G R(x, x*)C\ <£, t/ien i/ie leading monomial ofp*q 
is lm(p)*lm(g) ; where lm(p) is the leading monomial of p according to 
-<<r and lm(g) G R(x,x*)i€\ €. is the leading monomial of q according 

tO -<£. 

Proof. First note that lm(g) G R(x, x*)i<£\ £ and lm(p) G R(x,x*)£\£ 
by definition of <£. By Lemma 12781 lm(p)*lm(g) is in <£*R(x, \ 
C*R(:r, Let be a term of p and let if) be a term of g. Consider 

two cases. 

If if) G £, let <fi — ej (g) iy. Then either wif> G £, in which case 
(p*ip G (R lx£ fl £)*£, or by Lemma [2771 io*^ = w^wlif), where w*^ G 
R(;r, a;*)i<£ \ £. In the first case, by definition <p*if) -<cxc lm(p)*lm(g). 
In the second case, either e« <S> w 2 G £ so that £g> U7 2 -<c lm(j>) or 
ej £g> ^2 £ M(a;, <£, implying that e« £g> W7 2 -<£ ®g tUiii^ lm(p). 

Either way, <p*ifj = (ej ® u; 2 )*(w*'0) -<cxc lm(p)* hn(g). 

The second case is that r/> G R(x, \ £. In this case, it must 
be that ^ G R{x,x*)t€ \ £ since g G R(z,x*)i£ \ £. It follows easily 
that (f)*ip ^cxe lm(jo)*lm(g) and is only equal if = lm(p) and if) = 
lm(g). □ 

Lemma 4.2. Let € C ]R lx£ (x, x*) be a finite right chip space, let -<£ 
be a €-order, and let -<cxc be a double €-order induced by -<£. Let 
I C W lx£ (x,x*) be a left module generated by polynomials in ~R(x,x*)i£. 
Let ({ti}f =1 , {$j}j=i) be a <l-bas%s for I nR(x, x*) x £. Let {t u ...,t u } = 
Nlm(7) nl(i,a; , )iC\e 

(1) Every element of (R £xl J + J*R lx ^) n <l*R(x,x*)<£ can be repre- 
sented as 

E E ttiih + E E 7 w> + E E '' r h r > 

i=l j=l i=l j=l i=l j=l 

+ Ytfn + l*u) + + m), 

i=l i=l 

where Pij,qij,rij G R(x,x*), Si,ti G <£, and ctj,(3j G R lx£ fl £. 
Further, thepi^q^ and are unique. 
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(2) If is in €*R{x,x*)£\ €*R(x,x*) 1 €, then its the leading 
polynomial is of the form m* lm(tj) or lm(tj)*m for some Li and 
some monomial m G R(x, x*)€. \ (£. 

(3) If ( l^.ip is in <l*R(x,x*)i<£, then p ab = q cd = r ef = for each 
1 < a,b,d,e < fi and 1 < c, / < a. 

Proof. By Lemma EH (M^ xl J + I*R lx£ ) n £*R(x,:e*)£ = £*/ + /*£, 
and consists of all polynomials of the form 

H a 

(4.2) + w + + w> 

i=i i=i 

where ai,bi,aj, (3j G R(:r, £*)(£. If i G r(£) and G (x,x*), either 
\w\ = or w = W1W2, where Wi,W2 G (x, x*) with | Wi | = 1. In the 
second case, for each we see that (ejCgiiOiti^)*'^ = (ei®^)*^^-). 
Since w^j G / fl R(x, a;*)il£, then w^dj is in the span of the C-basis. 
Reducing in this way, we can take the «j and in (14,1)) to be elements 
of {R lxe ® 1) n €. 
Next, consider 

j=i 

If lm(ai) G R(x, ar*)(£\ C, then by Lemma \2. 71 it can be decomposed as 
lm(aj) = wm, where w G (x, x*) and m G R(x, x*)% \ <£. Let A G R be 
the coefficient of lm(cij) in a. By construction, m is either equal to some 
lm(ij) or some Tj. In the first case, we see that = (a^ — Aiytj) + wtj, 
so that aj — Awij has a smaller leading monomial than a^. In the latter 
case, cij = (<2j — wTj) + wrj, so that — lur^- has a smaller leading 
monomial than a^. Since £ is finite dimensional, we can continue this 
until we decompose each a^, and likewise each bi, as 

fi a /J. a 

j=l j=l j=l j=l 

where ajj, by, G R(x, 2*) and s^ti G £. Therefore 

J2(a*ii + L*bi) = Y Yl L i@i3 + + Yl Yl t ' ( 1u'j 

i=l i=l j = l i=l j = l 

j=l J=l i=l 

Setting p i: j = a i:j + &*■ gives ((41]). 
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Next, consider the leading monomial of ( 14. ip . If pij 7^ for some ij, 
then by Lemmas 13.21 and 14 . 1 1 the leading monomial of i*p*jij is 

lm(4p*/j) = lm(p ii t i )*lm(t i ) = lm(^)* lm^)* lm(^). 

Similarly, the leading monomials of each nonzero T*q*jtj and L*r*jTj are 

lm(r*g* ^) = r* hn(g^)* lm(^) 

and 

lm^r^r,) = lmftij'lm^jVj. 

All of these possible leading monomials are distinct by Lemma [2781 The 

last line in is in £*R(x,x*)i£, so if flUJ is not in 

then its leading monomial must be of the form m* lm(tj) or lm(ij)*m for 

some L{. On the other hand, if the last line in ( 14. ip is in 

then we see that each p ab = q cd = r e f = since otherwise its leading 

monomial would lie outside of €!*M.(x,x*)i(t. By linearity, this implies 

that the representation in 04. ip must be unique. □ 

5. Positive Linear Functionals on R ex£ (x,x*) 

The main theorem of this paper, Theorem l5.10l will be proved at the 
end of this section. We now discuss linear functionals and prove some 
important lemmas which will be used in the proof of the main result. 

A (R-)linear functional L on W C R exe (x,x*) is symmetric if 
L(u*) = L(oj) for each pair u, u* G W. A linear functional L on a sub- 
space W C R £xe (x, x*) is positive if it is symmetric and if L(w*w) > 
for each w*w G W. 

Lemma 5.1. If L is a positive linear functional on R exe (x,x*) , then 
I := {tf G R lx£ (x,x*) | L(§*§) = 0} is a real left module andL(R £xl I+ 
I*R lxe ) = {0}. 

Proof. The space IR £xl J is spanned by polynomials of the form b*a, 
where a G / and b G R lx ^. For each £ G R, by positivity of L, 

L([a + £6]* [a + £6]) = 2£L(6*a) + £ 2 L{b*b) > 0, 

which implies that L(b*a) = 0. Therefore, L(R exl I + I*R lx£ ) = {0}. 
Next, if q G R{x, x*), then for each (Gi, 

L{[a + £g*ga]> + £q*qa}) = 2£L{a*q*qa) + £ 2 L{a*q*qq*qa) > 0, 

which implies that L(a*q*qa) = 0. Therefore qa G I. Further, if c G /, 
then for each (el, 

L([a + £c]> + £c]) = 2eL(a*c) > 0, 
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which implies that L(a*c) = 0. Therefore, a + c G 7, which implies that 
/ is a left module. Finally suppose P*Pi e R exl I + I*R lxe . Then 

(finite \ finite 

which implies that each L(p*pi) = 0. Therefore each p^ G 7, which 
implies that 7 is real. □ 

Let W C ]R £x£ (x, x*) be a vector subspace and let 7 be a positive 
linear functional on VF. Suppose 

{w G R lx ^(:r, x*) \ u*u G W} = 7 © T 

where 7, T C R lx ^(a;,a;*) are vector subspaces with 

J :={$ G R lx£ (x,x*) | G W and 7(tf*tf) = 0}. 

An extension 7 of 7 to a space U 3 VF is a flat extension if 7 is 
positive and if 

{w G R lx£ (:r, x*) | m*m G 17} = / © T 

where 

7 = {t G R lx ^ \t*teU and Z(t*t) = 0}. 

Proposition 5.2. Let €. C R lx£ (x,:r*) 6e a finite right chip space. Let 
L be a positive linear functional on <t*R(x, x*)iC 

(1) There exists a positive extension of L to the space £*WL(x,x*)2<£ 
if and only if whenever -d G £ satisfies L(i?*i?) = 0, then 
L(b*c&) = for each polynomial b G M.(x,x*)i(£ and each c G 
R(x,x*) such that cd G <£. 

(2) If there exists a positive extension of L to the space <£*R(x, x*)2<£, 
then there exists a unique flat extension L of L to CK(x, x*)C 
In this case, the space 

{9 G R(x,x*}€ | 1(9*6) = 0} 

is generated as a left module by the set 

(5.1) {t G R(x,x*) 1 € | L(b*i) = for every b G £}. 

(3) Given the existence of a flat extension 7 to €*R(x, x*)<£, there 
exists a flat extension of L to all ofR £x£ (x,x*). 

Proof. First, suppose there exists a positive extension 7 of 7 to the 
space €*R(x,x*) 2 C. Let G £ satisfy 7(tf*tf) = 0. If cd G £, with 
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c = R(x, x*)i then c*W G R(x, £*}i(£. For each £ 6 R, since L is 
positive, 

L{[& + £FW}*[$ + £c*S?]) = 2£L(tf*S*ctf) + £ 2 L{d*c*^*W) > 0, 

which implies that L([c#]*[c#]) = 0. We can then extend this to show 
that if c& G € for any c G R(x,x*} then L( [«?]*[«?]) = 0. Further, if 
b G R(x, a:*)i<£, then for each (el, since L is positive, 

L([cd + £&]*[«? + £6]) = 2£L(b*c3) + £ 2 L{b*b) > 0, 

which implies that L(b*c&) = 0. 

Conversely, let £ be decomposed as J © T, where 

J = G £ | = 0}, 

and T C C is some complementary subspace, and suppose L{b*cd) = 
for each $ G J, each 6 G R(x, and each c G R(x,a;*) such that 

Define an inner product on T by (a, 6) = L(b*a). This inner product 
is well defined since L is symmetric and is positive on squares of T. Let 
Ti, . . . , be an orthonormal basis for T according to this inner product. 
If m G M.(x, x*)i<£ \ €. is a monomial, then consider the polynomial p m 
defined by 

(5.2) p m := m - X L ( T j m ) T j- 

3=1 

If b G <£, then 6 = + £)£ =1 /3 fc r fc for some t? G J and /3 fc G R. We see 
that 

L(6> m ) = L(r Pro ) + J2^L(r* k m) - X X ^ L ( r >) L ( r ^) = °' 

k=l j=l k=l 

Therefore p m is in the set (15.1 1) . Also note that a flat extension L of L 
must satisfy L(p m p m ) = since the equation 

3=1 

has only one solution in 7 and L(p m p m ): each 73 = and L{p* m p m ) = 0. 

Next, consider G R(x,x*)d£, where u> = W1W2, with |w 2 | = 1, 
and ip G <£. We see that either w^V* G <£, or £ R(x,x*)i£\ <£. In 
either case, = 4 + C> where t G Span({p m | m G R(x,a;*)(C \ £}) 
and £ G £. Therefore 





















3=1 
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so that W\L G R{x, x*) (Span[{p m }]) and Wi( G R{x, By induc- 

tion, this implies that each element of R(x, x*)€ is in R(x, x*)(Span[{p m }])+ 
(£. Lemma [3.31 further implies that 

R{x, x*)€ = R(x, x*)(Span[{j9 m }]) © £. 

Let / be the left module generated by (R(x, x*) Span[{p m }]) © J. Let 
l be in the set (15. ip . Since i G R(x,x*)i<£ we can decompose it as 

l = ^2 a mPm + 

m£R(x,x*)(£\(£ 

where each a m G R and G £. We see that = = 0, 

which implies that d G J . Therefore, l £ I, which implies that / 
contains the set (15. ip . 

Conversely, let $ G J. By assumption $ is in the set (15.11) . Further, 
if c G (x,x*) has length 1, then cd G M(x,:r*)i(£. By assumption, we 
must have cd in (15. ip . Therefore the generators of / are in (15.11) , which 
implies that / is the left module generated by (15.11) . Further, since cd 
is in the set (15.11) . cd must be in the span of the p m and J. Therefore 

/ = R(x, x*) Span({p m }) © J and R(x, x*)£ = I © T. 

Define an inner product linearly on R(x, x*)(£/I to be 

(N, fa]) ■= (Ti,Tj) = L(T*Tj), 

where Ti, ...,7^ are the ortho normal basis elements of T previously 
defined. Since I D T = {0}, this inner product is well defined. 
Let L be a linear functional on £*IR(£, a;*)(C defined by 

L(b*a) : = ([a], [b]). 

Clearly L is positive and symmetric. Further, given an element b*pa G 
€*R(x,x*)iC, with a,b G £ and p G R(x,x*)i, decompose pa as pa = 
L a + r a and b as 6 = + r&, where t a G /, G J, and r a , r b G T. Then 

I(6» = (H, [6]) = ([r„], N) = L(r fe *r Q ) = L(o*a), 

since L(r 6 *6 a ) = L(^r a ) = L(i^ a ) = 0. Therefore L is an extension of 
L. Further, L is a flat extension since R(x, = J©T, and clearly / = 
{6 G K(x, | L(6*8) = 0}. Finally, as mentioned, any flat extension 
of L must satisfy Lijf^m) = for each monomial m G R(x, x*)i<£ \ £, 
so by Lemma [5.11 we must have L(R exl I + /*IR lx£ ) = {0}. Therefore, 
L is unique since R(x, £*)<£ = JffiT, and the value of L on each of T*T, 
(I © T)*I and J*T is uniquely determined. 
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Finally, we extend L to a flat extension on all of R £x£ (x, x*) as follows. 
Lemma [2.31 implies that (£*R(a;, x*)€ is equal to 

<jer(e) 

Extend L to be on the set 

(8)R(a;,x*). 
(fci,fc 2 )^r(c)2 

Clearly this is a flat extension of L to all of W £x£ (x, x*). □ 

5.1. The GNS Construction. Proposition 15.31 below describes the 
well-known Gelfand-Naimark- Segal (GNS) construction. 

Proposition 5.3. Let L be a positive linear functional on M. £x£ (x, x*), 
and let I = {$ £ ~R lx£ (x,x*) | = 0}. There exists an inner 

product on the quotient space H : = M lx£ (x,x*) /I , a tuple of (possibly 
unbounded) operators X onH, and a vector v £ W 1 such that for each 
p £ M. £x£ (x, x*) we have 

(p(X)v,v) = L(p). 
andU = {q(X)v | q £ R lx£ (x,x*}}. 
Proof. Define an inner product on % to be 

MM]) --=Wp)- 

This inner product is well defined since L is positive, and, by Lemma 
I5TTI is on the space R lx£ I + J*R lx£ . Let X be the tuple of operators 
on % such that for each variable Xf., the operator Xk is defined by 
Xk\p] := [ x kP]- Since J is a left module by Lemma I5.1[ X is well 
defined. Further, 

(X*M [?]> = (\p),X k [q]) = (\p], [x k q]) = L (q*xlp) = ([x* k p], [q]) . 

Therefore X%.\p] = [x* k p\. Further, it follows that for any r £ R(x, x*) 
that r(X)[p] = [rp\. 
Fix v £ % l to be 

/[ei ® 1] 
: 

\[e*® 1] 

If 1 = ELi e» ® % £ R lx£ (a;, x*), then 

gp!> = ^g,(X)[ ei <8) 1] = ^[e< ® ft ] = [?]. 
i=i i=i 
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Therefore, 



U = {q(X)v | q G R lxi (x,x*}}. 



If > = Ei=i E =1 #y ® P« e K' x '(x, x*>, we see 



/Ej=iM*)k®l]\ 



so that 



i=i \i=i 




□ 



Corollary 5.4. Let € C R lx ^(x, x*) be a finite right chip space. Let 
L be a positive linear functional on and let J be the set 

J := {& G £ | L(0*0) = 0}. 

Further, suppose there exists a positive extension of L to (C*R(x, x*)2*£- 
Let n := dim(C) — dim(J D £), and suppose n > 0. There exists a 
tuple X of n x n matrices over K and a vector t> G R fc such that for 
each p G £*M(x, we have 



v*p(X)v = L(p). 



and 



pl'it 



{p(X)v | p G £}. 



Proof. By Proposition I5.2[ there exists a flat extension L of L to all of 
R £x£ (x, a;*). Given this flat extension, apply Proposition 15.31 to produce 
the desired X and v. □ 



5.2. Non-Commutative Hankel Matrices. Let u 



=1 be a 



vector whose entries form a basis for a vector space C ~R lx£ (x,x*). 
Given a linear functional L on W*W, the non-commutative Hankel 
matrix for L (with respect to u) is the matrix A = (L(u*Uj))i<ij<k- 
This concept is a non- commutative analog of moment matrices — see [TJ, 
[8], for example. 

Recall that § fc is the set of k x symmetric matrices over R. Define 
(A, 5) := Tr(AB) to be the inner product on § fc . 
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Lemma 5.5. Let u> = (ui) k =l be a vector whose entries form a basis 
for a vector space W C R lx£ (x,x*) . Let A G S k be a matrix. Let 
I C R lx£ (x,x*) be a left module, and define Z to be 

Z ■= {C e § fc I u*Cu e R exl I + PR lxe } 

Then A is the non- commutative Hankel matrix for some symmetric 
linear functional L on W*W such that L([R £xl I + J*R lx ^ n W*W) = 
{0} if and only if A £ Z , in which case 

(5.3) L{u*Cu) = Tt(AC) 

for each C G R hxk . 

Proof. First, suppose A = (o>ij)i<i,j<k is the Hankel matrix of L and 
L([R exl I + PR lx£ ] n W*W) = {0}. Then given C = (c^i^x*, 

(k k \ k k 

Wtuij j = Yj Yj ai i c% i = Tt ( a C)- 
i=l j=l J i=l j=l 

It is therefore clear that A G Z . 

Conversely, given A = {cLij)i<ij<k (I5.3p gives a well-defined 

linear functional since if u*Cco = G R £xl I+ PR lx£ , then Ti(AC) = 0. 
Further 

L(cu*Uj) = L(u*Eiju) = Tr(AE'y) = a^. 

□ 

Proposition 5.6. Let € C IR lx£ (x, x*) 6e a finite right chip space. Let 
I C R lx£ (x, x*) 6e a left module generated by polynomials in R(x, x*)i<t. 
Let t = (Tj)* =1 be a vector whose entries are all elements o/Nlm(7) D 
JR(x, and /et T 6e ine span of the r^. Lei L be a symmetric linear 

functional on T*T, and let A £ E> k be its non- commutative Hankel 
matrix. Let ZC? &e the space 

{Z e § fc | PZt g R ixl l + PR lxi } 

Then L can be extended to a positive linear functional L on <£*R(x, x*)2& 
such that 

(1) T{i) = L(l*) = for each i G R ixl I 

(2) L(a*a) = if and only if a £ P 
if and only if A y and A G Z . 

Proof. First, if there exists such a L, then it is clear from ( 15. 3ft that 
L(a*a) > for each a G T if and only if A y 0, and further, Lemma 
15.51 implies that A G Z ± . 

Conversely, let A y and A G Z ± . We see that £*M(x,x*) 2 £ = 
(WL(x,x*)i<t)*(M{x,x*)i<t), so it suffices to define L on products p\p2, 
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where pi,p2 G R{x,x*)iC If t G / fl R{x,x*)i<£ and p G R(x,x*) 1 , 
define L(p*t) = L(t*p) = 0. This agrees with the definition of L by 
Lemma I5.5[ and Lemma 14.21 implies that L(9) = L(9*) = for each 
6 G R £xl I on which L is defined. Further, if a*a G C*R(x, x*) 2 C, then 
Lemma fTTH implies that each a G a;*}i<£. Hence a = i + (3*t, where 
i G lRi Xl J and /3 G R k is a constant vector. Since A y 0, by (!5\3|) we 
see that L(a*a) = (3*A(3 = if and only if /5 = 0, which is equivalent 
to a G /. □ 

Lemma 5.7. Lei B C B> k be a vector subspace. Then exactly one of 
the following holds: 

(1) There exists B G B such that B y 0, and there exists no nonzero 
AeB L with Ayo. 

(2) There exists A G B 1 - such that A y 0, and there exists no 
nonzero B G B with B y 0. 

(3) There exist nonzero B G B and A G B with A,B y 0, but 
there exist no B G B nor A G B 1 - with either A y or B y 0. 

Proof. Let Bi, . . . , B n be an orthonormal basis for B, and let A\, ... , A m 
be an orthonormal basis for B ± . Define L(a,/3), where a G R m and 
13 G R n , to be 

m n 

L{a, (3) := a i A i + & B r 
i=i j=i 

The elements of B are precisely all matrices of the form L(0,/3) and 
the elements of B ± are precisely all matrices of the form L(a, 0). For 
any pair (a, (3), 

(L(«,0),L(0,/3)) = 0. 

If L(a, 0)y0 for some a G R m } then L(0, /?) ^ for each /3 G M n \ {0}. 
Similarly, if L(0,{3) y for some /3 G M n , then L(a, 0) ^ for each 
a G R' n \ {0}. Therefore, either (CQ) or (J2J) holds, or there exist no 
B £ B nor A <E B ± with either A >- or B y 0. 

Assume that (TTJ and © do not hold. Let C C R n be the set 

C = {(3 eR n \ exists «6R m such that L(a, 0) y 0}. 

Since L is onto and linear, C is nonempty and convex. If G C, then 
L(a, 0) >- for some a, which is a contradiction. Therefore, ^ C, 
which implies that there exists x G R n \ {0} such that (x, /3) > for 
all /3 G C. Therefore, for each positive-definite matrix, which, since L 
is onto, must be of the form L(a, (3) y 0, 

(L(0,x),L(a,(3)) = (x,(3)>0, 
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which implies that L(Q,x) >z 0. Similarly, there exists a G M m \ {0} 
such that L(a, 0) h 0. □ 

We now use Lemma 15.71 to construct positive linear functionals. 

Lemma 5.8. Let € C ]R lx£ (x, x*) be a finite right chip space and 
let I C M.(x, x*) lx£ be a real left module generated by polynomials in 
WL{x,x*)i<£. There exists a positive linear functional L on <£*WL(x, x*) 2 <£ 
such that the following hold: 

(1 ) L(a*a) > for each a G R(x, x*)t€ \ I 

(2) L(l) = for each i G (R exl I + I*R lxt ) n CR(x,x*) 2 £. 

Proof. Let M(x, x*)i<£ = I @T for some space T. Let r be a vector of 
length n whose entries form a basis for T. Let Z C § M be defined by 

Z:={Z\ t*Zt G 3^ x1 J + fi lx£ } . 

Since J is real, the space Z contains no Z ^ with Z >z 0. By Lemma 
15.71 there exists a positive-definite matrix C G By Lemma I5.5[ 

there exists a positive linear functional L on £*R(a;, x*)2<£ which gives 
the result. □ 

Lemma 5.9. Let € C IR lx£ (x, a;*) 6e a finite right chip space and 
let I C ]R lx£ (x, x*) fre a rea/ /e/t module generated by polynomials in 
R(x,x*) x €. Letn = dim(£) -dim(7n£). There exists (X,v) G V(I)^ 
such that p{X)v ^0ifpe£\I. 

Proof. First, I ^ M} x£ (x,x*) implies that n > 0. Let L be a linear 
functional with the properties described by Lemma 15.81 We see that L 
restricts to a functional on £*R(x, x*)i<£. By Corollary [53] we produce a 
tuple (X, v) G (l nxri ) s xl", for some n G N, such that v*p(X)v = L(p) 
for each p G C*M(x, x*)iC, and such that 

R n = {c(X)v | c G €}. 

Therefore if a G £, 

||a(X)t;|| 2 = u*a(X)*a(-X> = L(a*a) 

which is nonzero if and only if a I. Further, if i G I D K(x, 

then L(c*l) = for each c G £ by Proposition 15.21 Since <-(X)w G R n , 

there exists some c G £ such that c(X)v = l(X)v and so 

\\l(X)v\\ 2 = v*c*(X)t(X)v = L(c*l) = 0. 



Since I is generated by its elements in M.(x,x*)i<£, this implies that 
(X,v)EV(I). ^ □ 
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5.3. The Matrix Non-Commutative Left Nullstellensatz. 

Proposition 5.10. If I C M} xe (x,x*) is a finitely- generated left mod- 
ule, then \/l = \fl . 

Proof. Let p G M lx£ (x, x*). Choose d sufficiently large so that deg(p) < 
d and so that I is generated by polynomials with degree bounded by 
d. Let € = M} x£ (x,x*)d- Then Lemma 15.91 implies the existence of a 
tuple (X, v) G V(I) such that p(X)v ^ 0. □ 

We now prove Theorem 11.31 

Proof of Theorem \1.3[ Note that pi(X)v = means each row of pi(X)v - 
0, i.e. e* k pi(X)v = for each e k G R lxUi . Therefore 



V(I) = v(^2R 1 ^(x,x*)p)j. 



The first part of the result follows from Proposition 15.101 
Next, if q is an element of the real left module (11.21) . then 

finite k 

q = "U h Ul>j 

i j=l 

for some ciij G M. uxl and bij G M lx£ (x, x*). Therefore, 



finite \ 



^finite 



□ 



6. Extension to C and H 

We now show how to extend the main results of the paper to the 
case where the polynomials have complex or quaternion coefficients. 

There are well-known injective homomorphisms of C and H into M 2x2 
and M 4x4 respectively. It therefore makes sense to think of matrices 
of NC polynomials in with coefficients in C or H as matrices of NC 
polynomials with coefficients in IR. 

Let C(x, x*) be the space of NC polynomials with coefficients in 
C. Here, the involution * acts on C by conjugation so that for each 
p G C(x,x*) we have p*(X) = p(X)*, where * on complex matrices 
denotes the conjugate transpose. 

Let M(x,x*) denote the space of NC polynomials over H. Here the 
letters Xi and x* do not commute with the non-real elements of EI 
because, in general, if a G H \ M and X G H nxn , then aX ^ Xa. 
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We also define a space M. c (z, z*) to be the space of NC polynomials 
over EI where the letters Zi and z* commute with H. 

Over these spaces, there are precise analogs of left module, zero set, 
radical left module, and real left module, which will be denoted as they 
were in the real case. 

6.1. Quaternion Case. The most general case H(x,x*). We now 
present some simple results for that case, noting that the complex 
valued case is similar (but slightly easier). 

Let i\) : H — > R lx4 be the M-linear bijection defined by 

ip(a + bi + cj + dk) = (a, b, c, d). 

We further extend ip to M ux£ by coordinates. Further, we can extend ijj 
to map H." xe (z, z*) into M Aux4e {x, x*) by applying ip to coefficients and 
replacing (z,z*) with (x,x*). This extension of ip is W{x, x*)-linear. 

Proposition 6.1. If I C M_l xe (x, x*) is a left module, then J = tp(I) C 
M. lxM (x, x*) is also a left module. Further, I is real if and only if J is. 

Proof. If a, b G /, then clearly ip(a) + ip{b) = ib(a + b) G J since ip is 
linear. Further, if c G M(x,x*), then ctp(a) = tp(ca) G J. Therefore J 
is a left module. 

It is an easy exercise to show that / being real implies that J is real. 
Conversely, suppose 

finite finite 



E = E 4fa + E r fa 



(a + bi + cj + dk) 



where each ■pi-, a j-, r j £ B} xt (z,z*), and r,- el. Let : H ->■ K 4x4 be 
the injective homomorphism 

/a 6 c d \ 

—6 a — d c 

— c d a — 6 

\— d c b a J 

and extend to Ml x£ (z, z*) by coordinates. Then 

finite finite 

E ^y^) = E ^)^(o) + E^)>fe)- 



/ ^(a + 6? + cj + dk) \ 
ip(i(a + bi + cj + d&)) 
ip(j(a + bi + cj + d/c)) 

yi»(fc(a + 6i + cj + dk)) ) 



The rows of each 4>{r-j) are ip(rj),ip(irj),ip(jrj),ip(krj) G J. Therefore, 
if J is real, then each row of each 4>{Pi) is in J. In particular, ^(Pi) is 
a row of so each Pi E I. □ 
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If x = (x\, . . . , Xg) and z = (zi, . . . , z^g), define a map ip : M.(x, x*) — > 
M c (z,z*)hj 

(p{p) = p(z! + iz 2 + jz 3 + kz 4 , z±g-3 + iZig-2 + JZig-i + kz Ag ). 

Clearly ip is an injective homomorphism. Further, we see that ip is 
actually surjective and has inverse given by the maps 

^4m- 3 ' ^ ~7\^m ^X m i jx m j kx m k) 
1 

^4m- 2 1 ^ j( -^ra^ kx m j -\- jx m k) 

z&m—i ' ^ t{ jx m kx m i x m j ix m k) 
^4m ' ^ kx m jx m i -\- ix m j x m k) 

Proposition 6.2. Let I C H(ar, a;*) fre a subset and let J = <p(I). 
Then I is a left module if and only if J is. Further, if I and J are left 
modules, I is real if and only if J is. 

Proof. This follows easily from ip being a bijective homomorphism be- 
tween M{x,x*) and M. c (z,z*). □ 

6.2. Extension of the Left Nullstellensatz to C and HL 

Corollary 6.3. Let F = 1, C or H. Let p\, . . . ,pk be such that each 
p. e Y UiXi (x,x*) for some G N. Define 



Ju := F' 



l/Xl rr 



^F lx ^(x,x*)pi 



for i/ G N. Let g G F" x< (x,x*). Then g(-X> = for all (X,v) G 
U neN (F nxn )f x ¥ £n such that pi(.X>, . . . ,p k (X)v = if and only if 
q G J^. 

Proof. The R case is Theorem 11.31 As we saw in in that case, this 
result boils down to showing vT = \/l for any finitely-generated left 
module / C F lx ^(x, x*). We will do the F = H case here; the C case is 
similar but easier. 

Let q £ yl. It suffices to show that q \fl. We see that ip o <p(q) G" 
ip o ip>[ y/l). Propositions I6.ll and I6.2I imply that ip o ip( is real, so 

ip o (p(I) C o (p(I) C ip o p( v 7 /) 

which implies that ipocp(q) g" T ^/ip o (p(I). Proposition 15. 101 implies that 
there exists a real tuple (Z,v) G V{ip{I)) such that ^ o ip{q){Z)v ^ 0. 
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Express <p(q) as 

<p(q) = (Qi + ni + jqz + kqi, • • • , ?4£-3 + iqie-2 + jqu-i + kq±t). 
Then, 

/v 1 \ 



{^{q x ){Z),...^{q u ){Z)) 



v 2 



i=i 



Let w e B 1 be 

(Vi - W 2 - JV 3 - fcf 4 
; 

and let X e (H nxn )» be 

X = (Z X + iZ 2 + jZ 3 + fcZ 4 , . . . , Z 49 _ 3 + zZ 4g _ 2 + jZ 4g _i + A;Z 49 ). 
If r G H lx ^(x,x*), then 

r(X) = <p(r)(Z), 
and further, it is easy to show that 

Re(ip(r)(Z)w) = ip o ip{r)(Z)v . 

Therefore 

Re(g(X)fj) = tp o ¥>(g)(X)f ^ 0. 
Also, if p G \/7, then for each aGl, 

Re(ap(X)fj) = ^ o p(ap)(A> = 0, 

which implies that p(X)w = 0. Therefore (X, w) G V(I), which shows 
that q & Vi. □ 

Note that a Corollary of this result is an extension of |5] Theorem 
1.6] to H. 

7. The Real Radical of a Left Module in R 1x£ (x,x*) 

We now use the results of Sections [3] and H] to prove a strong result, 
Theorem 17.3} about the real radical of a finitely-generated left ideal. 
This result is both a generalization of and an improvement upon [51 
Corollary 2.6]. We prepare for the proof of Theorem 17.31 with several 
lemmas. 

Lemma 7.1. Let -<q be a degree order on (x,x*) such if a = a\a 2 , 
b = b\b 2 , where \a\\ = \a 2 \ = \bi\ = \b 2 \ = d for some degree d, then 
a -< b if one of the following holds: 
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(1) a 2 -< b 2 , or 

(2) a 2 = b 2 and a\ -< °\. 

Let €, C M} x£ (x, x*) be a right chip space, and let -<£ be a £-order 
induced by -<o, and let -<<r x <r be a double <L-order induced by -<£. Let 
p G M.(x,x*)<t\ €. Then the leading monomial of p*p is lm(p)* lm(p), 
where lm(p) is the leading monomial of p. Further, lm(j>)*lm(p) has a 
positive coefficient in p*p. 

Proof. Let p be decomposed as 



where A(w, m) G R and p G <£. Since p G R(x, x*)C\ €. by assumption, 
at least some of the A(w, m) are nonzero. Let d be the maximum length 
of any w such that A(w, m) ^ for any m. 

For any m 1 ,m 2 G WL{x,x*)£\ £ and Wi,w 2 G (x,x*) the representa- 
tion (w 1 m 1 )*(w 2 m 2 ) = m^(w^w 2 )^2 is the unique representation given 
by Lemma [2.81 with left and right factors being in R(x, \ C 

If c 6 € , m 6 R(x, and |w| < d, then either m*w*c and c*wm 

are in £*R(x, or m*w*c = m*wl{wlc) and c*wm = (w*c)*W2m, 
where w = w\w 2 and u>*c G M(x,x*)<£ \ £, with |u>i| < \w\. Therefore, 
the terms of p*p in <£*M.(x,x*)(£ \ €*W(x,x*)\€ whose representation 
given by Lemma [2T81 has a middle word of maximum length are those of 
the form ra\w\w 2 m 2 with m 1 ,m 2 G R(x, x*)i<£\<£ and |wi| = \w 2 \ = d. 
Each such term of p is uniquely a product of {wimi)* and w 2 m 2 since 
<i is the maximum length of the leftmost word Wi and w 2 in p. 

In p*£>, the monomial m* l w\w 2 m 2 has coefficient A(w±, mi)A(w 2 , m 2 ), 
and hence is nonzero if and only if both A{wi,m\) and A(w 2 ,m 2 ) 
are nonzero. Let w*m* = lm(p) be the leading monomial of p. If 
A{w\, mi), A(u? 2 , m 2 ) 7^ 0, we have Wimi, w 2 m 2 ^ c w*m*. Then clearly 
m\w\w 2 m 2 -<£ X e; m^w^w^m,,,. Therefore, the leading monomial of p*p 
is lm(p)*lm(p). Further, the coefficient of \m(p)* \m(p) is A(m t .w^) 2 > 



Lemma 7.2. Lei £ C R lx ^(x,x*) 6e a finite right chip space. Let 
I C R lx ^ (x, x*) be a left module generated by polynomials in R(x, x*)\€. 






w£{x,x*) meIR(x,x*)£\£ 



0. 



□ 



finite 



(7.1) 




for some pi G ~R lxe (x,x*) , then each pi G / + €. 
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Proof. Suppose (17. ip holds. Let 6 be the space 

e = E e i ®^(x,x*}, 

so that, by Lemma R lxe (x, x*) = R(x, x*)£ © 0. Let p; = cj + 0* 
for each z, where q G M(x, and 6{ G 0. We see that 

finite finite finite finite finite 

E p& = E c * c * + E + E ^ + E w*- 

i i i i i 

Since (12.11) holds and I C (£, it must be that ^ = 0, which can 
only occur if each 6{ = 0. Therefore each pi G 

Given a polynomial p^, either ^ e C or p ; 6 R(a;, sc*) \ £ and, by 
Lemma Ell hn(p*Pi) = hn(pj)* lm(pj). In the latter case, the lead- 
ing monomial of YliPiPi mus t be the maximal lm(pj)*lm(pj) since 
the leading monomials of the p*Pi, with G" £, cannot cancel each 
other because by Lemma 17.11 they all have positive coefficients. Let 
Pi* such that lm(pjj is maximal. By Lemma |4.2[ the leading mono- 
mial lm^jj* lm(pj t ) is of the form m* lm(i) or lm(<-)*m, for some i G 
lr\R(x,x*)i<£\€. and m G R(x, £. Since lm(pjj G" £, decompose 
lm(pjj by Lemma [2T7I as up, where u G (x,x*) and p G \ <£. 

By Lemma 12.51 we must have p = lm(t). Let A be the coefficient of 
lm(pij inp^. Then 

E* + - ^«0*(p*. - Am ) e M ' xl/ + rRlx '- 

and further, pj t — yktt has a smaller leading monomial than p^ does, 
and pi t G / + € if and only if pj t — yktt G / + €. 

We repeat this process inductively to show that each pi G / + €. □ 

The following theorem is a key result in computing the real radical 
of a finitely-generated left module. This result is a generalization of 
[3 Corollary 2.6] to R lx ^(x, x*). Further, the following result gives is 
more refined than [SI Corollary 2.6] for verifying whether or not a left 
module is real. 

Theorem 7.3. Let €. C M} x£ (x,x*) be a finite right chip space, and let 
I C M lx£ (x,x*) be a left module generated by polynomials in M(x, x*)i<£. 
Let ({ii}i =1 , {i9j}J =1 ) be a <L-basis for I . Then I is real if and only if 
whenever 

finite fjj a 

(7.2) e Pip* = Efe + + E^ fc + ^« fc )> 
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for some pi, qj G <£ and a& G M} x£ fl then each pi G J. 

Note that Theorem 17.31 implies that to test whether a left module 
I C lR lxf (x,a;*) is real, given that I is generated by polynomials in 
M.(x,x*)i<£ for some right chip space £, one needs only verify whether 
given some polynomials pi G € such that 

finite 

i 

if each must be in /. 
Proof. Suppose 

finite 

J2p*iPi e ^ xi / + /*k ix ^. 

i 

Lemma I7T21 implies that each is of the form pj = (fii + tpi, where 0, G / 
and "0, G (£. Therefore 

finite 

J2^i em exl i + rR lxi , 

i 

and so / is real if and only if we must have each tpi G /. We get 
the righthand side of (17.21) from Lemma [4.21 ([3]), noting that a sum of 
squares is necessarily symmetric. □ 

Note that Theorem 17.31 implies degree bounds. For example, if / C 
M} xe (x,x*) is generated by polynomials of degree bounded by d, one 
could use € = M. lxe (x,x*)d-i- However, Theorem 17.31 is more refined 
since in many cases there exists a smaller right chip space £ such that 
/ is generated by polynomials in ~R(x,x*)i£. 

8. Left Grobner Bases 

Classically, Grobner bases are used to verify whether a given poly- 
nomial p belongs to a given ideal /. We need left Grobner bases for 
verifying membership in left modules / C M. lx£ (x,x*); specifically, we 
will need them for the Real Radical Algorithm in § 

Fortunately, there is a general theory of one-sided Grobner bases 
for one-sided modules with coherent bases over algebras with ordered 
multiplicative basis [lTj . In this section, we give a version of this theory 
specific to our case and tie it in with the £-basis theory previously 
presented. Left Grobner bases are easily computable and are used to 
algorithmically determine membership in a left module. 

A left admissible order -< on (x,x*) is a well order on (x,x*) such 
that a -< b for some a, b G (x,x*) implies that for each c G (x, x*) we 
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have ca -< cb. Given a left module I C M. lx£ (x,x*), a subset Q Q I 
is a left Grobner basis of / with respect to -< if the left module 
generated by lm(£?) equals the left module generated by lm(7). We say 
a polynomial p is monic if the coefficient of hn(p) in p is 1. We say a 
left Grobner basis Q is reduced if the following hold: 

(1) Every element of Q is monic. 

(2) If ti, ii G Q, then lm(ti) does not divide any of the terms of i 2 
on the right. 

Proposition 8.1. Let I C M} x£ (x,x*) be a left module and let -< be a 

left admissible order. Then 

(1) There is a left Grobner basis for I with respect to -< . 

(2) There is a unique reduced left Grobner basis for I with respect 
to -<. 

(3) If Q is a left Grobner basis for I with respect to -<, then Q 
generates I as a left module. 

(4) R lxi = I©Span(NIm(J)). 

Proof. See PH Propositions 4.2, 4.4]. □ 

Lemma 8.2. Let I C M, I/xe (x, x*) be a left module and let be a 

left Grobner basis for I . Every element p G / can be expressed uniquely 
as 

finite 

(8.1) p=^qiti, 

i 

for some G M.(x,x*). In particular, the leading monomial of p is 
divisible on the right by the leading monomial of one of the left Grobner 
basis elements t». 

Proof. Since {^}j ea generates /, every element p G / can be expressed 
as (18.11) . Consider the leading monomial of such a p. If a is a monomial 
such that a -< lm(ij), then for each r G (x,x*), we have ra -< rlm(ij). 
Therefore the leading monomial of each q^i is of the form (fjlm(tj), 
where ^ G (x,x*) is some monomial appearing in g«. 

Suppose gjlm(ij) = ^lm(ij) 7^ for some z 7^ j, and suppose 
|lm(ii)| < |lm(ij)|. If lm(Aj) = E a%hi <8> w 4 and lm(^) = E aj6j <8> wj 
for some E aibi ,E ajb] G lR i/x£ and iyj,Wj G (x,x*), then £ aA ® giWi = 
Eajbj <S> QjUJj- Therefore aj = dj, bi = bj, and qiWi = qjWj, with 
\wi\ < \vjj\. This implies that lm(tj) divides lm(tj) on the right, which 
contradicts the properties of the left Grobner basis. Therefore the 
leading monomials of the nonzero are all distinct, which implies by 
Lemma [37T| that either each qj = 0, or the leading monomial of p is the 
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maximal nonzero gjlm(tj). Further, uniqueness follows from linearity 
and from Lemma 13. 11 □ 

8.1. Algorithm for Computing Reduced Left Grobner Bases. 

Let -< be a left monomial order on M l/xe (x, x*). Let / be the left module 
generated by polynomials ti, . . . , t M G M uxe (x, x*). It is easy to show 
that inputing Li, . . . , t M into the following algorithm computes a reduced 
left Grobner basis for /. 

8.1.1. Reduced Left Grobner Basis Algorithm. 

(1) Given: Q = 

(2) If G Q, remove it. Further, perform scalar multiplication so 
that each element of Q is monic. 

(3) For each tj, Lj G Q, compare lm(tj) with the terms of Lj. 

(a) If lm(tj) divides a term of tj on the right, let q G (x,x*) 
and ( G M be such that £glm(tj) is a term in tj. Replace 
^ with ^ — £gtj. Repeat 

(b) If lm(tj) does not divide any terms of any tj on the right 
for any i ^ j, stop and output Q. 

8.2. Reduced Left Grobner Bases are C-Bases. For a well-chosen 
€ and -<<r, a reduced left Grobner basis is actually a C-basis. 

Proposition 8.3. Let I C ]R lx£ (x,x*) 6e a finitely- generated left mod- 
ule with reduced left Grobner basis ti,...,^ according to some left 
monomial order -< on M} x£ (x, x*). Let € be the right chip space de- 
fined by 

£ := Span({m G M lx ^(x, x*) \ m proper right chip of a term of some Li}), 

and let -<<r be a (t-order induced by -<. Then ({ii}f =1 ,0) is a €-basis. 

Not that this algorithm outputs a basis with at most /i elements 
whose degree is no greater than the inputted elements, that the and 
that the algorithm is guaranteed to terminate in finite time. 

Proof. First, Li, . . . , t M G R{x,x*)i<£ by construction. Next, each lead- 
ing monomial lm(tj) must be in M(x, x*)i€\ €. since otherwise lm(tj) G 
€, which implies that it properly divides a term of some other Lj. By 
Lemma I8.2[ the left Grobner basis satisfies the conditions of Lemma 
13.41 to be a C-basis. □ 

A reduced left Grobner basis is a nice (t-basis since it has no elements 
of £ in it. 
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9. The Real Radical Algorithm 

In some simple cases, as shown in pE], it is easy to verify whether 
a left module is real. In general, however, an algorithmic approach is 
needed. In [5], a Real Radical Algorithm is presented for computing the 
real radical of any finitely-generated left ideal J C ~R(x,x*). We now 
present a new Real Radical Algorithm which extends the previous Real 
Radical Algorithm to finitely-generated left modules / C ~R lxe (x, x*). 
Further, using right chip spaces, the new Real Radical Algorithm is 
much more efficient. 

Let / C M} x£ (x,x*) be the left module generated by polynomials 
Li, . . . , l^. When {ii, . . . , Lfj} is inputted into the following algorithm, 
the result is a reduced left Grobner basis for 

9.1. The Real Radical Algorithm. 

(1) Given: Q = {l x , . . . , l^}. 

(2) Fix a degree lexicographic order on M. lx£ (x, x*). Compute a re- 
duced left Grobner basis from Q, and set to be the resulting 
basis. 

(3) Let i = 0. 

(4) If C/W only contains constants, then stop and output C/W. 

(5) Let £^ be the set of monomials which properly divide a term 
of any of the polynomials in on the right. 

(6) For each §j e let qj be the polynomial 

ECO 
a rn,j m 

me£(') 

where the a„ „• are real- valued variables, and test whether or 
not the polynomial 

(9.1) £ &j+*j<b 

is a nonzero sum of squares for some values of • G R. See 
[T5] for more on how to verify if a NC polynomial is a sum of 
squares, and see [T7] and [2] for a computer algebra package 
which will do this. Our problem is more complicated than a 
standard sums of squares problem since we are dealing with a 
polynomial with variable coefficients. Therefore, we now spell 
out the details of a sum of squares algorithm. 

SOS Algorithm 
(a) Given: (jPjl . 
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(b) For each monomial in (19. ip which is not in (<£^)*(<£^), set 
the coefficient equal to 0. Solve the resulting set of linear 
equations in terms of the a^ j and reduce (19. II) to have 
only terms in 

(c) Let Mi be a vector whose entries are all monomials in £W. 
If desired, technically we can pick a smaller vector Mj by 
eliminating monomials of small degree. (See [IS]). 

(d) Let be space 

= {Z a real symmetric matrix | M*ZMi = 0}, 

and let Z± \ . . . , Z ^ be a basis for 

(e) For each m*i?j + i)*m, let -B^ ■ be a symmetric matrix such 
that 

m*-&j + $*m = M*B^ d M t . 

(f) In the linear pencil 

„(*) 

(9.2) L,(a«, = E E «S,<- + E 

if there are any diagonal entries which are 0, set all entries 
in the corresponding row and column to be 0. Use the 
resulting linear equations to reduce the problem, and delete 
the row and column from Lj. Also delete the entry in 
Mi with the same index as the deleted row and column. 
Repeat this step until there are no diagonal entries in Lj 
equal to 0. 

(g) If we eventually get Lj = 0, stop and output that there is 
no nonzero sum of squares. 

(h) Solve the linear matrix inequality 

Li(a^\^)y0 

to see if there is a nonzero solution (a^\/3^'). 

(i) If there is not, stop and output that there is no 
nonzero sum of squares. 

(ii) Otherwise, output the vector of polynomials 

^L(aM,P&)Mi. 

(7) If there is no nonzero sum of squares, stop and output 

(8) Otherwise, let ^i, ... , <f> ri be the entries of the outputted vector 
of polynomials. Compute a reduced left Grobner basis for the 
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set C/W u . . . , r .} and let Q^ l+1 ^ be the resulting set. Go to 



9.1.1. Properities of the Real Radical Algorithm. We now prove The- 
orem ll.4| which presents some appealing properties of the Real Algo- 
rithm presented in §9.11 



Proof of Theorem \1.4\ First, if deg(ti), . . . , deg(i Al ) < d, since we are 



using a degree lexicographic order to compute the reduced left Grobner 
basis, it is clear from the left Grobner basis algorithm that the out- 
putted left Grobner basis also consists of polynomials with degree 
bounded by d. Next, for the set <£W, if gw consists of polynomials 
of degree bounded by d, then the only monomials which properly di- 
vide a monomial of degree bounded by d on the right must have degree 
less than d. Therefore the set has monomials of length at most 
d — 1. In particular, at each iteration, Q( l+1 > is a reduced left Grobner 
basis generated by which has polynomials of degree bounded by 
d, and some polynomials in the span of <£W. Therefore, at each step, 
always consists of polynomials of degree bounded by d. Finally, 
the polynomial (19 .ip is a sum of polynomials with degree bounded by 
2d — 1. This all verifies the degree bounds in ([I]). 

Second, at each step we are adding polynomials in the span of (t^ 
to and then computing a reduced left Grobner basis. Further, each 
monomial in £y> is not divisible on the right by the leading monomial 
of an element of so Span(£®) n R(x, x*)g {i) = {0}. Therefore the 
left module generated by must properly contain the left module 

generated by Q®. Since M} xi (x, x*)d is finite dimensional, this process 
must stop eventually. This proves (J2]). 

Finally, at each step, consider finding a nonzero sum of squares of 
the form (I9.ip . Assume inductively that each C y/J. This is true 
at the outset since 

£(0) 

QIC. \fl. If the SOS algorithm finds such a 
sum of squares, then it is equal to 

M^a,/?)]^ = {yJU{a,&)M^ (yjLi{a,P)M^ 

eR M v / /+ VTr 1 *'. 

This implies that the outputted vector of polynomials from the real 
radical algorithm are polynomials in \/7, which gives 

If the SOS Algorithm outputs that there is no sum of squares, by 
Proposition EM (£ W ,0) is a £-basis, so by Theorem 17. 3[ this is enough 
to show that the left module generated by C/M is real. Since C/W c 
this implies that is a reduced left Grobner basis for yl. □ 
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